ABSTRACT. We identify the real (2n-l)-dimensional sphere S2""1 with the unit sphere of F2, where F = reals, complexes or quaternions and n = 1,2 or 4, respectively.
HERMITIAN FORMS AND THE FIBRATION OF SPHERES PAUL BINDING
ABSTRACT. We identify the real (2n-l)-dimensional sphere S2""1 with the unit sphere of F2, where F = reals, complexes or quaternions and n = 1,2 or 4, respectively.
It is shown how any Hermitian form over F2, restricted to S2n_1, is related to the (double covering for n = 1, Hopf for n = 2,4) fibration Convexity of the joint range of several Hermitian forms over the unit sphere of an arbitrary normed vector space V over F, with dimV > 2, is deduced as a corollary.
Introduction.
We shall present a connection between an easily constructed basis for the Hermitian forms over F2 and the "components" of a standard fibration of the (2n -l)-dimensional sphere. Here F is either the real field R (n = 1), the complex field C (n = 2) or the quaternion skew field R (n = 4).
By a Hermitian form 4> over a normed (left) vector space over F we mean a sesquilinear form evaluated on the diagonal. Thus <f>{x) = /(x, x), where /: V xV -» F, f(x,y) is linear in x and f(x,y) = f(y,x). An easy computation shows that, in the case V = F2, x = (xi,x2), we may take There is an obvious inner product space isomorphism between F and n-dimensional real Euclidean space En, so the forms (1) generate an En+2. In homogeneous form, the fibration in question has the formula (2) #:x -► (|xi|2 + |x2|2, |xi|2 -|x2|2,2xix2):F2 -» R2 x F.
Again identifying R2 x F with E™+2, we shall show in §2 that the components (ipi,... ,ipn+2) of V form an orthogonal basis for the space of Hermitian forms.
Restricted to the unit sphere î/î^1(1) of F2, the remaining components * = (ip2, ■ ■ ■, V>n+2) decompose 52n_1 into fibres S™-1 over a base space Sn. In particular, 4> is not homotopic to a constant map. In §3 we use this to show that the "joint range" ${U) is convex when $ = (cpi,... ,<pm) is an m-tuple of Hermitian forms, m < n + 1, U is the unit sphere of V and dim V > 2. §2 covers the case dim V = 2, at least up to affine equivalence, as we shall see.
Some applications of, and related work on, these matters form the subject of a forthcoming survey by the author, but the following may be noted here. The convexity result is due to Brickman [4] when F = R and implies the ToeplitzHausdorff theorem (see [7] ) when F = C. Our methods are related to those of Mclntosh [7] for F = R and Davis [5] and Atkinson [1] for F = C, but the connection between (1) and (2) is more explicit here. Au-Yeung and Poon [2] have recently shown for F = C (and stated for F = H) that the convexity result is equivalent to earlier theorems of Bohnenblust [3] and Friedland and Loewy [6] , but this route involves completely different arguments and is somewhat indirect. ACKNOWLEDGEMENT. I am most grateful to Professor Atkinson for a copy of his notes [1] on the convexity of $(V\{0}) for F = C, m = 3 which were the starting point for my investigation.
Forms and fibrations.
The simplest case is F = R. Then the choices 
102].
We need some preparation for the case F = H. A quaternion q may be represented in the form q = c + jd, (c,d) G C2, where j2 = -1 and dj = jd. We write q = c -jd, \q\2 = qq, 2Req = q + q and a(q) -c + dj. Evidently, a(q) = a(q) so (5) |a(g)| = \q\ and a2(q) = q.
We also write Rq = (Rc, Rd) G R4.
This makes H isomorphic (in an obvious inner product) to E4, with \q\ = \\Rq\\.
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Appending (a,b, c) = (0,0, j) and (0,0, ji) to the choices (4) for C, we obtain an orthogonal basis of elements (a, b, Rc) for E6 representing the Hermitian forms on H2. The final five forms (1) generate a mapping fi: H2 -R5: {qi, q2) = (a + jdi, c2 + jd2) -> (l9i|2 -k2|2,2Re(cic2 + f5id2), 2Im(cic2 -did2),2Re(c2di -cid2),2Im(cid2 + c2di)).
The final four components of fi(c7i,<72) equal Rp where _ p = 2(cic2 +did2) + 2j{c2di -cxd2) = 2a{qi)a(q2).
Thus fi furnishes the real components of $ o a, ^1 as in (2) . We have almost established the following (ii) If dim V -2 then $(U) is an affine image of Sn and is thus either a (convex) affine disc or a (nonconvex) affine sphere. In the latter case, m > n + 1.
(iii) If dim V > 2 (e.g. dim V is infinite) and m <n+ 1 then $({/) is convex.
PROOF, (i) follows from the representation (j)j(x) = aj\x\2-cf. (1) with x2 = 0.
(ii) follows mostly from Theorem 1. Evidently 4>j\jj is an affine combination of the real components of $oa which maps onto Sn. The final contention follows from the fact that m < n + 1 forces the affine map $(U) -* Sn to be singular.
(iii) By appending zero forms if necessary, we may assume without loss of generality that m = n + 1.
Suppose 3>(<7) is not convex. Then there are Uj G U and a point b on the line segment joining $(ui) to $(u2) such that (6) bi*{U).
Let T be the span of ui and u2. By (6), $({/ fl T) is nonconvex, so by (i) and (ii), dimT -2. By Theorem 1, an affine isomorphism exists under which $|r becomes * o a. For notational simplicity we shall therefore assume 3>|t = 9 ° a.
Let U3 G U\T and let W be the set of elements w = Yl,j=iajui ^ ^ such that 03 is nonnegative real. Since T C\ U is an S2n^1, W is homeomorphic to a hemisphere bounded by <S2™-1, i.e. to a real 2n-dimensional ball B2n. Thus $|w is a continuous extension of $ oa from S2™-1 to B2n. In particular, f oa is homotopic to a constant, and this is a contradiction [8, p. 67, Proposition 5.1].
